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I n t r o d u c t i o n  

The r h e o l o g i c a l  p r o p e r t i e s  o f  c o n c e n t r a t e d  suspensions a r e  i m p o r t a n t  i n  a number o f  
i n d u s t r i e s ,  p a r t i c u l a r l y  p a i n t s  and c o a t i n g s .  The work of Chang e t  a1 ( 1 )  ment ions 
some o f  t he  e a r l y  e x p e r i m e n t a l  work i n  t h i s  area, b u t  t h e o r e t i c a l  work on 
c o n c e n t r a t e d  systems i s  q u i t e  l i m i t e d ( 1 - 5 ) .  
assumption o f  independent p a r t i c l e s  i n t e r a c t i n g  o n l y  with f l u i d  sur round ings  i s  n o t  
v a l i d  under these c o n d i t i o n s ,  and the  coup led  mot ions  o f  p a r t i c l e s  can be t r e a t e d  
o n l y  e m p i r i c a l l y ,  The c u r r e n t  r e s e a r c h  a c t i v i t y  i n  coa l  s l u r r y  f u e l s  has caused a 
renewed i n t e r e s t  i n  t h i s  p rob lem because t h e  r h e o l o g i c a l  p r o p e r t i e s  of these f u e l s  
a re  o f  p r i m a r y  importance. T y p i c a l l y ,  one d e s i r e s  a l i q u i d  f u e l  w i t h  65-70 weight 
percent  s o l i d s ,  v i s c o s i t y  on t h e  o r d e r  o f  103 c e n t i p o i s e ,  and r e s i s t a n c e  t o  
sed imenta t ion  and shear d e g r a d a t i o n .  
o f  d i f f e r e n t  p a r t i c l e  s i z e  d i s t r i b u t i o n s  o f  t h e  powdered coa l ,  s u r f a c t a n t s  o r  
w e t t i n g  agents,  and water  s o l u b l e  polymers which a c t  as s t a b i l i z e r s .  

However, t h e  wide v a r i e t y  o f  c h o i c e s  f o r  these t h r e e  compounding v a r i a b l e s  makes t h e  
task  o f  f i n d i n g  t h e  o p t i m a l  f o r m u l a t i o n  q u i t e  t e d i o u s  and unsure.  For t h i s  reason 
t h e  work d e s c r i b e d  below was under taken.  
e f f e c t  o f  p a r t i c l e  s i z e  d i s t r i b u t i o n  (PSD) on the  r e s u l t i n g  s l u r r y  v i s c o s i t y  g iven  
t h a t  a l l  o t h e r  v a r i a b l e s ,  i . e . ,  t h e  a d d i t i v e  package, remain f i x e d .  Comparison o f  
t h e o r e t i c a l  p r e d i c t i o n s  o f  r e l a t i v e  v i s c o s i t i e s  o f  s l u r r i e s  w i t h  d i f f e r e n t  PSD w i t h  
exper imenta l  r e s u l t s  show t h a t  t h e  t h e o r y  can be u s e f u l  i n  o p t i m i z i n g  t h e  PSD. 

The reason f o r  t h i s  i s  c l e a r - - t h e  

These p r o p e r t i e s  can be man ipu la ted  by the use 

i t  r e p r e s e n t s  an a t tempt  t o  i s o l a t e  the  

Theory 

There a re  two s t e p s  i n  t h e  development o f  a model f o r  p r e d i c t i n g  r e l a t i v e  v i s c o s i t y  
f o r  p a r t i c l e  s i z e  d i s t r i b u t i o n .  
e f f i c i e n c y  (volume f r a c t i o n )  OP p o s s i b l e  f o r  a g i v e n  PSD. 
v i s c o s i t y  o f  a s l u r r y  a t  r e a l i s t i c  shear r a t e s  i s  assumed t o  be i n f i n i t e ,  s ince  i t  
r e p r e s e n t s  a random dense p a c k i n g .  Another way o f  v i e w i n g  t h i s  l i m i t  i s  t o  cons ie r  
t h e  f l o w  o f  a s l u r r y  as m o t i o n  o f  t h e  l a r g e r  p a r t i c l e s  over  one another as be ing  
" l u b r i c a t e d "  by  the  m o t i o n  o f  t h e  s m a l l e r  p a r t i c l e s  i n  t h e  i n t e r s t i c e s .  
no mot ion  o f  t h e s e  s m a l l e r  p a r t i c l e s  i s  p o s s i b l e  and hence t h e  v i s c o s i t y  becomes 
v e r y  h igh .  
as t h e  a c t u a l  p a r t i c l e  l o a d i n g  0 approaches t h e  v a l u e  0,. The second s t e p  o f  
t h e  model i s  t o  q u a n t i f y  t h i s  b e h a v i o r .  

I n  o rder  t o  c a l c u l a t e  0, f o r  a g i v e n  PSD t h e  method o f  Lee ( 7 )  has been used. A 
b r i e f  d e s c r i p t i o n  of t h i s  p rocedure  w i l l  be g i v e n  here, b u t  f o r  a d e t a i l e d  d i s -  
c u s s i o n  t h e  r e a d e r  i s  r e f e r r e d  t o  t h e  o r i g i n a l  work. Consider a b i n a r y  PSD, t h a t  i s  
one which c o n s i s t s  o f  o n l y  two s i z e s  o f  s p h e r i c a l  p a r t i c l e s ,  and ask how t h e  maximum 
pack ing  f r a c t i o n  can be de termined.  One procedure i s  t o  fill a volume w i t h  the  
dense random packed l a r g e r  spheres g i v i n g  a p a c k i n g  f r a c t i o n  om ax,^ and then 
f i l l i n g  t h e  r e m a i n i n g  volume w i t h  t h e  s m a l l e r  spheres.  
i s  

The f i r s t  i s  t o  compute t h e  maximum pack ing  
A t  t h i s  l o a d i n g  the  

A t  IP 

Thus i t  i s  expec ted  t h a t  t h e  v i s c o s i t y  o f  a s l u r r y  w i l l  i n c r e a s e  r a p i d l y  

The f i n a l  pack ing  f r a c t i o n  
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h a x  = om ax,^ + (l-flmax,L)-0max,S 

I t  i s  assumed t h a t  om ax,^ = . h a x , s ,  t h a t  i s  t h a t  monodisperse spheres 
a l l  pack w i t h  t h e  same e f f i c i e n c y  i n  dense random pack ings .  
determined by  exper iment  t o  be .639. The compos i t i on  o f  t h i s  m i x t u r e  i s  
xmax,L = Omax  omax ax = ,735. 
t h e  above i s  t h a t  t h e  l a r g e  and smal l  p a r t i c l e s  a r e  s u f f i c i e n t l y  d i f f e r e n t  i n  
d iameter  (DL/Ds > 100) t h a t  t h e  i n t e r s t i t i a l  volumes between t h e  l a r g e  spheres 
Can be Summed and t r e a t e d  as a b u l k  v o i d  f o r  purposes o f  pack ing  t h e  s m a l l e r  
spheres. The exper imen ta l  work o f  McGeary ( E )  i s  used t o  de te rm ine  the  Omax 
f o r  d iameter  r a t i o s  1 < DL/Ds < 20. 
f o r  b i n a r y  m i x t u r e s  o f  a r b i t r a T y  s i z e d  spheres. 
t h e  pack ing  f r a c t i o n  0 Lee 
has g i v e n  an a n a l y t i c a y  p rocedure  f o r  d o i n g  t h i s  under  t h e  assumption t h a t  t h e  
Xmax,L i s  independent o f  t he  d iameter  r a t i o  o f  t h e  spheres. 
assumption i s  based on the  premise t h a t  any o p t i m a l  pack ing  w i l l  c o n t a i n  a dense, 
random pack ing o f  t he  largest .  spheres i n  t h e  system, which i s  t hen  f i l l e d  i n  w i t h  
any a v a i l a b l e  s m a l l e r  spheres. 
pack ing  arrangement w i t h  t h e  maximum number o f  i n s c r i b e d  s m a l l e r  spheres w i l l  
p roduce a l e s s  e f f i c i e n t  pack ing.  F i n a l l y ,  Lee has g i v e n  an a l g o r i t h m  f o r  comput ing 

s p h e r i c a l  p a r t i c l e s .  
i s  g i v e n  below. 

The v a l u e  ass igned i s  

An assumption which i s  i m p l i c i t  i n  

Thus f a r  t h i s  process g i v e s  the.0max 
The n e x t  e x t e n s i o n  1s t o  compute 

f o r  b i n a r y  m i x t u r e s  w i t h  a s p e c i f i e d  compos i t i on .  

T h i s  reasonable 

, 

I t h e  pack ing  f r a c t i o n  0 f o r  m i x t u r e s  which c o n t a i n  an a r b i t r a r y  d i s t r i b u t i o n  o f  

C l e a r l y  t h e  rep lacement  o f  a l a r g e  sphere i n  such a 

?he a lgo r i t hm,  which i s  based on a geomet r i ca l  c o n s t r u c t i o n ,  

N N 

l = I  x j  
j = i  

where B i i  = .639 
0;; = .639 + (0ma,(Di/Dj)-.639)/.265 
0 j  i .639 + (0yax(  D i / D j )  - .639)/.  735 
D i / D ;  > 1 o r  i>.i X i .  =JvElume f r x i t i o n  o f  p a r t i c l e s  o f  d iamete r  D .  
N = number o f  d i s c r e t e  d iamete rs  p r e s e n t  i n  m i x t u r e  
0max(Di /Dj )  = maximum pack ing  f r a c t i o n  o f  b i n a r y  m i x t u r e  

c o n s i s t i n g  o f  spheres o f  d iamete r  D i  and D j .  

The s e t  o f  (0,) va lues  has N members and t h e  s m a l l e s t  one i s  chosen as t h e  
pack ing  f r a c t i o n  0 The a l g o r i t h m  i s  n o t  e a s i l y  unders tood  by  i n s p e c t i o n  
because i t  i s  g rapR ica l  i n  na tu re ,  b u t  i s  developed i n  a s t r a i g h t f o r w a r d  way i n  
Reference 7. 
s i m p l y  per forms a p a r t i c l e  s i z e  ana lys i s ,  d i s c r e t i z e s  t h e  d i s t r i b u t i o n  i n t o  N b i n s ,  
and then  computes 0p. 

In o r d e r  t o  use t h i s  techn ique  t o  p r e d i c t  0, f o r  a c o a l  g r i n d ,  one 

There a re  seve ra l  equa t ions  a v a i l a b l e  f o r  o b t a i n i n g  t h e  r e l a t i v e  v i s c o s i t y  o f  
concen t ra ted  s l u r r i e s  from a knowledge of t h e  pack ing  f r a c t i o n  0, and the  a c t u a l  
volume f r a c t i o n  s o l i d s  0. The Mooney e q u a t i o n  ( 9 )  

7) =q0 exp[2.50/1-0/0p] 

expresses t h e  hydrodynamic v i s c o s i t y  o f  t h e  suspension i n  t h e  l i m i t  o f  h i g h  shear 
r a t e ,  r e l a t i v e  t o  t h e  v i s c o s i t y  of t h e  pu re  suspending medium 
i s  v a l i d  i n  t h e  range where @3@, and where t h e  double l a y e r  Z g c k n e s s  
su r round ing  p a r t i c l e s  i n  aqueous s o l u t i o n  i s  sma l l  compared t o  t h e  p a r t i c l e  
d iamete r .  Both o f  t hese  c r i t e r i a  are s a t i s f i e d  b y  t h e  c o a l  s l u r r i e s  desc r ibed  here,  

Th is  exp ress ion  
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However, t h e  j u s t i f i c a t i o n  f o r  t h i s  fo rm i s  c l e a r  o n l y  f o r  monodisperse o r  s l i g h t l y  
p o l y d i s p e r s e  systems. An a l t e r n a t i v e  i s  t h e  e m p i r i c a l  e q u a t i o n  (1, lO) 

n 

which has been success fu l  i n  d e s c r i b i n g  r e s u l t s  o b t a i n e d  w i t h  suspensions o f  g lass  
beads i n  p o l y i s o b u t y l e n e .  

Exper iments 

The t h e o r y  p resen ted  above has been used i n  two d i f f e r e n t  ways t o  p r e d i c t  t he  v i s -  
c o s i t y  o f  c o a l  water  s l u r r i e s ,  One a p p l i c a t i o n  i n v o l v e d  m i x i n g  a f i n e  g r i n d  o f  coal 
w i t h  a coa rse  g r i n d  i n  v a r y i n g  p r o p o r t i o n s  t o  produce bimodal p a r t i c l e  s i z e  d i s t r i -  
b u t i o n s .  I t  was found by  exper imen t  t h a t  t h e r e  always e x i s t e d  an optimum b lend ing  
p r o p o r t i o n  which produced a s l u r r y  o f  minimum v i s c o s i t y  ( w i t h  the  a d d i t i v e  package 
rema in ing  f i x e d ) ,  
t h i s  optimum b lend  g i v e n  t h e  PSD f o r  t h e  two s t a r t i n g  g r i n d s  and the  t o t a l  weight 
f r a c t i o n  o f  c o a l  t o  be used. The p rocedure  was s i m p l y  t o  compute t h e  pack ing  
f r a c t i o n  0, u s i n g  t h e  above a lgo r i t hm,  c o n v e r t  t h e  we igh t  f r a c t i o n  c o a l  t o  a 
volume f r a c t i o n  0 i n  t h e  s l u r r y ,  and use e q u a t i o n  ( I )  o r  ( 2 )  t o  eva lua te  the  
r e l a t i v e  v i s c o s i t y ? / ? . ,  The va!ue o f ?  was then  s e l e c t e d  t o  s c a l e  the d a t a  a t  
one p o i n t  ( u s u a l l y  h minimum v i s c o s i t  , The r e s u l t s  o f  t h i s  procedure a re  shown 
i n  F igu res  1 and 2. The d a t a  i n  t h e  former u t i l i z e d  two d i f f e r e n t  g r i n d s  o f  t he  
same c o a l  which had median d iamete rs  o f  5 1  and 3 5 p .  A l though the  v i s c o s i t i e s  are 
n o t  p r e d i c t e d  q u a n t i t a t i v e l y ,  t h e  shapes of t h e  cu rves  are s i m i l a r  and t h e  l o c a t i o n  
o f  the minimum i s  g i v e n  c o r r e c t l y .  I n  F i g u r e  2 the  d a t a  was ob ta ined  f rom mix tu res  
o f  two d i f f e r e n t  c o a l s  with median s i z e s  1 5 1 1  and 40  p .  
s i t i o n  g i v i n g  t h e  minimum v i s c o s i t y  i s  g i v e n  c o r r e c t l y .  Both o f  these coa l  s l u r r i e s  
were 65% c o a l  b y  we igh t .  A l s o  e q u a t i o n  ( 2 )  was used t o  compute the  t h e o r y  p o i n t s  i n  
b o t h  cases b u t  e q u a t i o n  ( 1 )  was e q u a l l y  s u i t a b l e ,  t h e  d i f f e r e n c e  be ing  i n  the  width 
o f  the cu rves  r a t h e r  than  i n  the  l o c a t i o n  o f  t h e  minima. 

A second a p p l i c a t i o n  was t o  p r e d i c t  t h e  change i n  v i s c o s i t y  w i t h  c o a l  l o a d i n g  i n  
c o a l  water  s l u r r i e s .  
f e r e n t  g r i n d i n g  c o n d i t i o n s  which r e s u l t e d  i n  d i f f e r e n t  s i z e  d i s t r i b u t i o n s ,  A and 6. 
The volume median ( o r  e q u i v a l e n t l y ,  we igh t )  s i z e s  were 5 0 p  and 2 5 1 1 ,  r e s p e c t i v e l y .  
The 0, co r respond ing  t o  each o f  t hese  P S D ' s  were computed, and t h e o r e t i c a l  
cu rves  drawn u s i n g  e q u a t i o n  ( 2 )  w i t h  0 b e i n g  t h e  independent  v a r i a b l e .  
t h e  x a x i s  i n  t h e  f i g u r e  i s  t h e  more f a m i l i a r  we igh t  pe rcen t  coa l  w h i l e  the  0, 
i n  e q u a t i o n  ( 2 )  i s  t h e  volume f r a c t i o n  c o a l  ( c o n v e r s i o n  was made assuming a coa l  
d e n s i t y  of 1.34 g/cm3). 
b u t  s u b s t a n t i a l l y  l e s s  so when e q u a t i o n  ( I )  i s  used. 

Conc lus ion  

The e f f e c t  o f  c o a l  p a r t i c l e  s i z e  d i s t r i b u t i o n  on t h e  v i s c o s i t y  o f  c o a l  water  
s l u r r i e s  has been analyzed u s i n g  a p a r t i c l e  p a c k i n g  model due t o  Lee i n  c o n j u n c t i o n  
w i t h  an e m p i r i c a l  r e l a t i o n s h i p  between pack ing  e f f i c i e n c y  and v i s c o s i t y .  
t echn ique  i s  a b l e  t o  p r e d i c t  t h e  optimum PSD when one degree o f  freedom i s  present, 
such as t h e  b l e n d i n g  r a t i o  between a coarse and a f i n e  g r i n d  o f  c o a l .  
p resen ted  he re  i 1 l u s t r a t e  t h i s  f o r  t h e  cases where t h e  two g r i n d s  a re  t h e  same Coal 
and where t h e y  are d i f f e r e n t  c o a l s .  I n  a d d i t i o n  d a t a  has been presented which shows 
t h a t  one can p r e d i c t  t h e  behav io r  o f  v i s c o s i t y  v s .  c o a l  l o a d i n g  cu rves  as t h e  PSD of 
t h e  c o a l  i s  va r ied .  Bo th  o f  t hese  achievements are q u i t e  u s e f u l  i n  the  development 
o f  Coal water  s l u r r y  f o r m u l a t i o n s  i n  t h a t  t h e y  a l l o w  t h e  va lue  o f  s p e c i f i c  c o a l  

The t h e o r y  was t e s t e d  t o  see i f  i t  c o u l d  s u c c e s s f u l l y  p r e d i c t  

Again the  b lend  compo- 

F i g u r e s  3 shows v i s c o s i t y  d a t a  f o r  a c o a l  sub jec ted  t o  d i f -  

Note t h a t  

The t h e o r y  i s  q u i t e  success fu l  i n  f i t t i n g  these r e s u l t s ,  

The 

The r e s u l t s  
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g r i n d s  t o  be assessed w i t h o u t  e x t e n s i v e  s l u r r y  p r e p a r a t i o n  and measurement. 
method can a l s o  be used t o  assess t h e  r e l a t i v e  m e r i t s  of unimodal and b imodal  s i z e  
d i s t r i b u t i o n s .  
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